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Abstract. In this paper we analyse the structure of the Cuntz semigroup of certain C{X)- 
algebras, for compact spaces of low dimension, that have no Ki -obstruction in their fibres 
in a strong sense. The techniques developed yield computations of the Cuntz semigroup 
of some surjective puUbacks of C*-algebras. As a consequence, this allows us to give a 
complete description, in terms of semigroup valued lower semicontinuous functions, of the 
Cuntz semigroup of C{X, A), where A is a not necessarily simple C*-algebra of stable rank 
one and vanishing Ki for each closed, two sided ideal. We apply our results to study a 
variety of examples. 



Introduction 

To any C*-algebra A, one can attach an ordered semigroup Cu{A), the Cuntz semigroup 
of A. It was originally devised by Cuntz in [10], and can be constructed using suitable 
equivalence classes of positive elements in the stabilisation of A, in a similar way as the 
projection semigroup is built out of the Murray-von Neumann equivalence. Coward, El- 
liott and Ivanescu proved in [9J that the order relation in Cn{A) has additional properties 
and a new category Cu was defined for ordered semigroups with this structure. This cat- 
egory was shown to be closed under sequential inductive limits, and it was furthermore 
proved that the assignment A Cu{A), from the category of C*-algebras to the category 
Cu, is functorial and (sequentially) continuous. 

The study of the Cuntz semigroup has had a resurgence in recent years, mainly due to its 
impact in Elliott's classification program. Notably, one of its order properties is the key to 
distinguish two non-isomorphic C*-algebras that agree on the Elliott invariant and several 
possible extensions of it; see [32 J. For well behaved simple algebras, this semigroup can be 
recovered from the classical Elliott invariant (see [5J, [6J), and in the non-simple case it has 
already been used to prove actual classification results (see, e.g. [[ZB, US]], [j25J, |261, [30J). 

However, due to its complexity, this semigroup becomes an object very difficult to de- 
scribe. Already in the commutative setting, it requires to understand the isomorphism 
classes of fibre bundles over the spectrum X of the algebra. In cases where there are no co- 
homological obstructions, a description via point evaluations has been obtained in terms 
of (extended) integer valued lower semicontinuous functions on X (see [l24]], []27|). A nat- 
ural class to consider consists of those algebras that have the form Cq{X, A), for a locally 
compact Hausdorff space X. When A is a unital, simple, non type I ASH-algebra with 
slow dimension growth, the case Co{X,A) has been studied in [ISH]. The description of 
Cu(Co(X, A)) is given in terms of pairs of certain projection valued functions and semi- 
group valued lower semicontinuous functions (see below). 
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In this paper we study the Cuntz semigroup of C(X)-algebras A when X is a second 
countable, compact Hausdorff space of dimension at most one. We also assume that each 
fibre of A has stable rank one and vanishing Ki for every closed, two sided ideal. Our 
approach is based on describing Cuntz equivalence classes by means of the corresponding 
classes in the fibres, thus seeking to recover global information from local data. We do so 
by analysing the natural map 



Cu(A) H Cn{A{x)) , [a] ^ i[a{x)]),ex • 



Of particular interest will be the algebras of the form Co(X, A) for a not necessarily simple 
algebra A, as in this case the range of the previous map can be completely identified. This 
is achieved in Theorem 13.41 The strategy combines a number of ingredients, each of which 
may well have independent interest. We discuss them below. 

In Section 2, we are exclusively concerned with X = [0, 1] and prove in Theorem 12.11 
that the map above is an order-embedding for a C([0, l])-algebra whose fibres have the 
said conditions. If, further, the algebra has the form C([0, 1], A), we show that the range 
of the map can be described as the semigroup of lower semicontinuous functions on X 
with values in Cn{A), denoted by Lsc(X, Cu{A)) (Corollary 12. 7[). To do this, we need to 
show that this semigroup belongs to the category Cu, and this requires a deeper analysis 
of general semigroups of the form Lsc(X, M) with M a semigroup in Cu. In order not to 
interrupt the flow of the paper, we postpone this discussion until Section 5, where in fact 
we prove that, for any finite-dimensional second countable, compact Hausdorff space X 
and any separable C*-algebra A, the semigroup Lsc(X, Cn{A)) belongs to Cu (see Theorem 

Fullbacks are the main theme in Section 3 as they provide us a way to deal with more 
general spaces. We consider surjective pullbacks of the form B ®a(y) A, where A is a C(X)- 
algebra, F is a closed subset of X and B is any C*-algebra (where the maps are given by 
the natural projection A — )■ A{Y) and a *-homomorphism B — > A{Y)). Any such pullback 
gives rise to a diagram of the corresponding Cuntz semigroups. We relate, in Theorems 
13.11 13.21 and 13.31 the pullback in the category of ordered semigroups with the Cuntz semi- 
group of the C*-algebra pullback. The methods developed allow us to prove, in Theorem 
13.41 that the Cuntz semigroup of C(X, A) is order-isomorphic to Lsc(X, Gu{A)), where X 
has dimension at most one, A has stable rank one and vanishing Ki for each closed, two 
sided ideal. If, further, A is an AF-algebra, the same result is available for spaces of di- 
mension at most 2 and vanishing second Cech cohomology group (Corollary 13. 6|) . A key 
ingredient in the proofs is the continuity of the functors Lsc(X, — ) and Lsc(— , Cn{A)), also 
proved to hold in Section 5 (Proposition |5.18|) . This description yields, as a consequence, a 
cancellation result, namely that Cu(C(X, A)) is order-cancellative with respect to the rela- 
tion <^ (see below). 
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In Section 4 we discuss applications of the previous results in some computations of 
Cn{A). Mainly, combining the results above, we can give a description of the Cuntz semi- 
group for algebras obtained by a successive pullback construction. This includes one di- 
mensional rsh-algebras and, more specifically, one dimensional non commutative CW- 
complexes. We also offer a computation of the Cuntz semigroup of dimension drop alge- 
bras over the interval and over certain two dimensional spaces, as well as a description of 
the Cuntz semigroup of the mapping torus of an algebra A. 



1.1. Cuntz Semigroup. Let A be a C*-algebra. Recall that a positive element a is said to 
be Cuntz subequivalent to b E A^, written a ;^ 6, if there exists a sequence (a;„) in A such 
that Xnbx*^ -> a. This defines a preorder in and we say that a is Cuntz equivalent to b, 
a b, ii a ^ b and b a. 

Proposition 1.1 ([281 Proposition 2.4], [ilT, Proposition 2.6]). Let A be a C*-algebra, and a,b e 
A^. The following are equivalent: 

(i) a :< b. 

(ii) For all e > 0, (a — e)+ ;^ 6. 

(iii) For all e > 0, there exists 5 > such that (a — e)+ ;^ {b — 6)+. 
Furthermore, if A is stable, this conditions are equivalent to 

(iv) For every e > there is a unitary u G \]{A^) such that u{a — e)+M* G Her (6). 

Proof. The proof of the equivalence between (i) and (iv) is essentially that of [28, Propo- 
sition 2.4 (v)], where it is stated for algebras with stable rank one. We briefly sketch the 
necessary modifications to extend it to the case of stable algebras. 

Given e > 0, write (a — e/2)+ = zz* with z*z G Her(6). By |[1} Lemma 4.8], we know that 
A c GL(A~). Therefore dist(2*, GL(A^)) = 0, so EHl Corollary 8] applies to find u e U(A^) 



The Cuntz semigroup of A is defined as the set of Cuntz equivalence classes in the stabi- 
lized algebra, {A /C)+/ ~ and is denoted by Cu{A). Equip Cu.{A) with the order induced 
by Cuntz subequivalence and addition given by 



so that it becomes an ordered Abelian semigroup with [0] as its least element (the positive 
element inside the brackets in the right side of the equation above is identified with its 
image in A (g) /C by any isomorphism of M2{A ® /C) with A0}C induced by an isomorphism 
of /C and M2(/C)). 

Recall that, in an ordered semigroup M, a is said to be compactly contained in b, denoted 
a <^ 6, if whenever b < sup^ c„ for some increasing sequence (c„) with supremum in M, 
implies there exists rio such that a < c„(,. A sequence (a„) such that a„ ^ a„+i is said to be 
rapidly increasing. The following theorem summarizes the structure of Cn{A). 



1. Preliminary results and definitions 



with 



u{a — e)+M* = v{a — e)+v* = {z*z — e/2)+ G Her(6) , 
where v is the partial isometry in the polar decomposition of z*. 



□ 
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Theorem 1.2 (HI). Let Abe a C*-algebra. Then: 

(i) Cu{A) is closed under suprema of increasing sequences. 

(ii) Any element in Cu{A) is the supremum of a rapidly increasing sequence. 

(iii) The operation of taking suprema and ^ are compatible with addition. 

The conditions (i)-(iii) of the last theorem define a category of ordered semigroups of 
positive elements, denoted by Cu, which is closed under countable inductive limits, and 
such that Cu(— ® /C) defines a sequentially continuous functor from the category of C*- 
algebras to the category Cu (see L9J). It can be shown that the rapidly increasing sequence 
in (ii) for a positive element a & A®1C, can be chosen as ([(a — ^))+]). 

Let M be a semigroup in the category Cu. Endow M with the w-Scott topology, that is, 
the topology generated by the open sets := {c & M | a -C c} where a e M (see [16]). 
Adopting the terminology of [,161 , we will say that an object M in Cu is countably based if 
there is a countable subset X in M such that every element of M is the supremum of a 
rapidly increasing sequence of elements coming from X. If Af is countably based, then M 
satisfies the second axiom of countability as a topological space equipped with the Scott 
topology (see, e.g. Ill6l Theorem III-4.5]). 

Lemma 1.3. Let Abe a separable C*-algebra. Then Cn{A) is countably based. 

Proof. We first claim that, if M is a semigroup in Cu and X C M is a countable subset such 
that, given a E M and a' <^ a, there is 6 G X with a' <^h <^ a, then M is countably based. 

Indeed, given a e M write a = sup„ a„, where (a„) is a rapidly increasing sequence in 
M. Then, by our assumption there exists a sequence (6„) in X such that 

ai ^ 6i ^ a2 ^ 62 ^ ^3 ^ ■ ■ ■ . 

This implies that is rapidly increasing and that sup„ 6„ = sup„ = a. 

Let now Abe a separable C*-algebra, which we may take to be stable. Let F be a count- 
able dense subset of A+, and consider the set 

X = {[(a - l/m)+] I a G F,m e N} C Cn{A) . 

Given b E A^ and a; -C [b], find m such that x < [{b — 1/m)^]. For this m, there is a E F 
such that ||6 — a|| < l/4m. From this, we first obtain 

[{a - l/2m)+] < [{a - l/4m)+] < [b] . 

Observe also that \\{a — l/2m)^ — b\\ < l/2m + l/4m = 3/4m, whence 

x<[{b- l/m)+] < [(6 - 3/4m)+] < [{a - l/2m)+] < [b] . 

Thus the result follows from the first part of the proof and the fact that Cn{A) is a semi- 
group in Cu. □ 

The following lemma is a modification of Lemma 2 of BS]]: 

Lemma 1.4. Let Abe a C* -algebra, and let B be a hereditary subalgebra such that B C GL(_B~). 
If a is a positive contraction, and xq, xiE A are such that xqx^, xix\ E B, and 

\\a — x*qXq\\ < e, \\a — x\xi\\ < e, 
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then there exists a unitary u in such that 

\\xq — uxi II < 9e. 

Proof. By Proposition 1 of ||26|, applied to the elements a and xq, there exists E A such 
that 

(a - e)+ = ?/*?/o, Ibo - 2;o|| < 4e, yoy*eB. 

(A straightforward computation shows that Proposition 1 of II26II holds for C = 4.) Simi- 
larly, there exists yi E A such that 

{a-e)+ = ylyi, |||/i - xi|| < 4e, yiy^ E B. 

It follows now from Lemma 2 of |8|, applied to the elements yo and yi, that there exists a 
unitary u E B^ such that 

Wvo - uyiW < t. 

(Note that Lemma 2 of [8] still holds if the assumption of B having stable rank one is 
replaced by B C GL(i?~).) Therefore, 

||xo — uxi\\ < \\xq — yoll + llz/o — iJ-ViW + \Wyi — uxi\\ < 4e + e + 4e = 9e. 

□ 

1.2. C(X)-algebras. Let X be a compact Hausdorff space. Recall that a C(X)-algebra is a 
C*-algebra A endowed with a unital *-homomorphism 6 from C(X) to the center Z(M(y4)) 
of the multiplier algebra M(y4) of A (see, e.g. We shall refer to the map 6 as the 

structure map. 

For each closed subset Y of X, we define A{Y) to be the quotient of A by the closed 
two sided ideal Co(X \ Y)A, which is a C(X)-algebra in the natural way. The quotient 
map is denoted by Try : A — )■ A{Y). If, further, Z C F is closed then vr^ = 7r|^ o vry, where 
7r|^: A{Y) — )■ A{Z) denotes the quotient map. In the case that Y = {x} the C*-algebra 
A{x) := is called the fibre of A at x, and we write for TTja,}. The image by vr^ of an 

element a E Ais denoted by a{x). It is well known that, for all a E A, the map x i— )■ ||a(a;) || 
is upper semicontinuous. Moreover, ii a E A one has that ||a|| = sup^gj^ Ik (2^) II ^rid the 
supremum is attained (see, e.g. [2, Proposition 2.8]). 

The following lemmas will be used in a number of instances, and are quite possibly well 
known. We include their proofs for completeness. 

Lemma 1.5. Let Abe a C{X)-algebra. Then, A® ICis a C{X)-algebra and for any closed set Y of 
X there exists a ^-isomorphism 

lpy: {A®1C){Y) ^ A{Y)®1C, 

such that o TTy = vTy l]c, whcrc TTy: A ^ A{Y) and Try : A® IC ^ {A® ^)(^) denote the 
quotient maps. In particular, for any x E X,ive have {A /C)(x) = A{x) ® /C with {a ® k){x) i-> 
a{x) ® k. 

Proof. Abusing the language, define 9: C(X) — )• Z(M{A (g) /C)) on elementary tensors by 
6{f){a ® A;) = {9{f)a) k, whenever a E A and k E JC, and where 6 is the structure map for 
A. This endows A /C with a structure map. 
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Now, if Y is closed in X, we have an exact sequence 

^ Co{X\Y)A ^ A -> A/CoiX\Y)A -> . 
Tensoring by the compacts we obtain another exact sequence 

^ {Co{X\Y)A) ® /C ^ A ® /C ^ {A/Co{X\Y)A) ® /C ^ . 
Since {Co{X\Y)A) ® /C = Co{X\Y){A ® JC), it follows that 

(A /C)(r) = iA® /C)/Co(X\F)(A ® /C) ^ ® /C . 

□ 

Remark 1.6. Let A be a C(X)-algebra. Then, Lemma 11.51 implies that the natural map 
vr^. : A — > A{x) induces, at the level of the Cuntz semigroup, a map Cu{A) Cu.{A{x)) that 
can be viewed as [a] h-). [a(x)]. In turn, these maps define a map 

a: Cu{A) Y[ Cu{A{x)). 

xex 

Similarly, if Y is closed in X the map vry induces a map Cu(7ry) : Cn{A) Cn{A(Y)) 
such that Cu(7ry)[a] = [a|y]. Thus, by the previous lemma, when computing the Cuntz 
semigroup of A we may assume that A, A{x) and A{Y) are stable. 

Lemma 1.7. Let Abe a C{X)-algebra and let B := A + C{X) ■ Im{a)- Then, 

(i) B is a C{X)-algebra that contains A as a closed two-sided ideal. In particular, A is C{X)- 
subalgebra of B. 

(ii) The restriction ofn^: B ^ B{x) to A induces an isomorphism A{x) = TTx{A)for all x e X. 

Proof, (i). Since the quotient of B by the C*-algebra A is a C*-algebra, B itself is a C*- 
algebra. It is clear that i? is a C(X) -algebra and that A is a closed two-sided ideal of B. 
The second part of the lemma follows from part (v) of fTTl Lemma 2.1]. □ 

2. The Cuntz Semigroup of C([0, 1], A) 

Theorem 2.1. Let A be a C[0, l]-algebra such that for t in a dense subset of [0, 1] the fibre C*- 
algebra A{t) is separable, has stable rank one, and Ki(J) = Ofor any ideal I of A{f). Then, the 
map 

a: Cn{A) -> JJ Cu(A(t)), 

tG[0,l] 

given by a[a\ = ([a(t)])te[o.i] is an order embedding. 

Proof. By Remark 11.61 and since our assumptions on A and its fibres are stable, we may 
assume that A and its fibres are stable at the outset. 

Let < e < 1 be fixed, and let us suppose that a,b e A are positive contractions such 
that a{t) ;< h{t), for all t e [0, 1]. We need to show that a^h. 

Let B := A + C[0, 1] ■ iM(yi)- Then i? is a C*-algebra that contains A as a closed two-sided 
ideal by (i) of Lemma [L7l In addition, by (ii) of Lemma lLTl we have that a{f) ;^ h(t) in B{t), 
for all t E [0,1]. By the definition of the Cuntz order and since B(t) is a quotient of B for 
each t G [0, 1] there exists d e B such that 

\\a{t) - d{tyb{t)d{t)\\ < e. 
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By the upper semicontinuity of the norm the inequality above also holds in a neighbour- 
hood of t. Hence, since [0, 1] is a compact set, there exist a finite covering of [0, 1] consisting 
of open intervals f/,, i = 1, 2, ■ ■ ■ , n, and elements {di)1^-^ C B such that 

\\a{t) - di{tybit)d^it)\\ < e. 

for all t E Ui and all I < i < n. Moreover, we may choose the open intervals such 
that t <t'iit eUi and t' e f/i+2, for i = 1, 2, ■ ■ ■ , n - 2. 
For each 1 < i < n, set b^di = Xi. Then, XiX* G Her(6), and 

\\a{t)-Xi{tyxi{t)\\<e, 

for all t G Ui. By assumption, there exists ti e UiD f/^+i such that the stable rank of vr^^ (A) = 
A{ti) is one, where nt^: B ^ B{ti) denotes the quotient map. Therefore, since Her(6(tj)) = 
h{ti)B{ti)h{ti) is also a hereditary subalgebra of 7rf^(A), the stable rank of Her(6(tj)) is one. 
We now have 

Xi{ti)xi{ti)\Xi+i{ti)xi+i{tiy G Her(6(ti)), 

||a(tj) - Xi{ti)*Xi{ti)\\ < e, \\a{ti) - Xi+i(tiyxi+i(ti)\\ < e. 

Hence, by Lemma [L4l there exists a unitary Ui in the unitization of Her(6(tj)) such that 

\\xiiti) - UiXi+i{ti)\\ < 9e. 

Note that since HtX^) - ^{U) is stable Im(A){U) 4- 7rt,(^), whence lM{A)(tj) 4- Her(6(ti)). 
This implies that the unitization of Her(6(tj)) is isomorphic to the C*-algebra Her(6(tj)) + 
C ■ lM(A)(^i)- Therefore, we may assume that the unitary Ui belongs to this algebra. 

Using [7, Theorem 2.8] and that is separable we conclude that Her(6(tj)) is stably 
isomorphic to an ideal of iXtX-^i which is in turn isomorphic to an ideal of A{ti). Hence, 
it follows from our assumptions that Ki(Her(6(tj))) = 0. Since sr(Her(6(tj))) = 1, we know 
from H23l Theorem 2.10] that U(Her(6(tj))) is connected. Therefore, Ui can be connected 
to lM(A)(^i) in Her(6(ti)) + C ■ lM{A)(ii)- Since this C*-algebra is the image by -Kt^ of the C*- 
algebra Her (6) + C ■ 1m(a)/ and unitaries in the connected component of the identity lift (see, 
e.g. Il33i Corollary 4.3.3]), there exists a unitary Vi in Her(6) + C ■ 1m(A) such that viit^ = Ui. 

Let be the elements defined by yi = xi, and 

Vi = ViV2 - ■ -Vi^iXi, 

for i = 2, ■ ■ ■ , n. Since Xi G b^^'^A, it follows that Hi E A for all i. Also, yiy* G Her(6), and 

(1) \\a{t)-y,ityyM\<e, 
for all t e Ui. Moreover, 

\\{yi - yi+i){U)\\ = \\vi---Vi-i{xi-ViXi+i)(ti)\\ = \\{xi - ViXi+i)(ti)\\ = \\xi(ti) - UiXi+i(ti)\\ . 
Thus, 

hiiU) - yi+iiU)\\ < 9e. 
Since the norm is upper semicontinuous there exists 5 > such that 

\\y^it)~y^+lm <9e. 
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for all t e {ti — (5, ti + 5) and for all 1 < i < n — 1. Let us consider the open intervals {Vi}"^^ 
defined by 



Then, |J"^^ Vi = [0, 1], and Vi C Ui for all 1 < z < ra. Let {Xi)i=i be a partition of unity 
associated to the open covering (V'j)[L^. Let us consider the element 




Vi- 



(2) y{t) 



Then, y G A, yy* G Her(6), and 

'yi{t) if0<t<ti-6; 

yi(t) if ti-i + 5 < t < ti — 5, and 2 < i < n — 1; 

yn{t) iftn-i + S <t<l; 

^Xi{t)yi{t) + Xi+i{t)yi+i{t) ifti-6 <t <ti + 6, and 1 < i < n - 1. 

Letusshowthat ||a-?/*?/|| < 28e. By dl]) and @ it is enough to show that ||a(t)-y(t)*y(t) || < 
28e for t e {U - 6, ti + 6). We have 

Wait) - y{tyyit)\\ = \\a{t) - {Xiit)y,{t) + Xi^i{t)yi+^{t)y{Xi{t)yi{t) + Ai+i(t)yi+i(t))|| 

< \\a{t)-y,{try,{t)\\ + 

+ MtYViit) - iX,it)y,{t) + X,+i{t)yi+,{t))*{Xi{t)yi{t) + Ai+i(t)y,+i(t)) || 

< e + 27e 
= 28e. 

We have found an element y E A such that \\a — y*y\\ < 28e, and yy* G Her(6). This implies 
by Lemma 2.2 of dl that (a - 28e)+ ;<bmA. Therefore, 

[a] = sup [(a - 28e)+] < [b]. 

This concludes the proof of the theorem. □ 

In the particular case of C(X, A), for a given C*-algebra A, all fibres are naturally iso- 
morphic to A, and hence the image of the map a in the theorem above can be viewed as 
functions from X to Cn{A), that are lower semicontinuous in a certain topology. 

Proposition 2.2. (pTl Proposition 3.1]) Let A be a C*-algebra, X a compact Hausdorff space and 
f G C(X, A). Then, for any a E A, the set {x G X | [6] ^ ^'s open. 

Given a separable C*-algebra A, the sets {[a] G Cu{A) \ [a] <ti \b]} define a basis of a 
topology in C\i{A) named the Scott Topology (see, e.g. l|T6l ). 

Definition 2.3. Let X he a topological space, M a semigroup in Cu, and f: X ^ M a function. 
We say that f is lower semicontinuous if for all a E M, the set f^^{a^) := {t G X | a ^ fif)} 
is open in X. We shall denote the set of all lower semicontinuous functions from X to M by 
Lsc(X, M). 
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In section |5] we prove that in the general case of a second countable finite dimensional 
topological space X and a countably based semigroup M in Cu, Lsc(X, M), equipped 
with the pointwise order and addition, is a semigroup in the category Cu. The key step 
in the argument is to show that any function / G Lsc(X, M) is a supremum of a rapidly 
increasing sequence of functions that have a special form. We describe these functions in 
the particular case of the interval X = [0, 1], and refer the reader to section|5]for the general 
case. 

Definition 2.4. Let Abe a C*-algebra. Given the following data 

(i) A partition = to < ti < ■ ■ ■ < t„_i < tn = I of [0, 1] with n = 2r + I for some r >1, 

(ii) Elements xq, . . . , Xn-i in M, with X2i, X2i+2 < X2i+ifor < z < r — 1, 
a piecewise characteristic function is a map g: [0,1] -> Cu{A) such that 

g^g"^ — J if S G [t2i,t2i+l] 

\^X2i+l if S G (^24+1; ^21+2) 

If moreover g ^ f for some f G Lsc([0, 1], Cn{A)), we then say that g is a piecewise character- 
istic function /or /. We denote the set of all such functions by xif)- 

It is easily verified that a piecewise characteristic function as above is lower semicontin- 
uous. 

Lemma 2.5. Let A be a separable stable C*-algebra, f G Lsc([0, 1], Cu(A)), and fi ^ /2 be 
piecewise characteristic functions for f. Then, there exists a continuous function g2 G C([0, 1], A) 
such that fi < a{[g2]) < f2 and a{[g2]) G xif)- 

Proof. Suppose that /2 is described as in Definition 12.41 with Xi = [a^] for some aj G A. 
Let f2,e be the function with the same form as /2 but with [a2i] replaced by [{a2i — e)+] for 
< i < r. Note that f2,e ^ xif) ^rid that /2 = sup /2,£ in Lsc([0, l],Cu(A)). Hence, since 
fi ^ f2, there exists e > such that /i <^ f2,e < /2- 

Since [a2i\ < [a2i-i], [a2i+i\, by condition (iv) in Proposition 11.11 there exist unitaries Ui 
and Vi in A~ such that 

(3) Ui(a2i - e)+M* G Her(a2i-i), Vi{a2i - e)+v* e B.eY{a2i+i). 

Since A is stable, the unitary group of the multiplier algebra M{A) is connected in the 
norm topology (see, e.g. [1331 Corollary 16.7]). Therefore, for each i = 0, 1, . . . , r there exists 
a continuous path Wi : [0, 1] — )■ U(M(y4)) such that Wi{t) = Ui if t e [0, t2i], and Wi{t) = Vi for 

t G [t2i+l, 1]. 

Let (Aj)[^Q be sequence of continous positive real-value functions on [0, 1] that are sup- 
ported in the open sets 

[0, ^2); (t2i-l, ^22+2)1=1 ) (^2r-l) 1] 5 

respectively (i.e., they are non-zero in each point of the corresponding interval and zero 
elsewhere). Let us define g2 G C([0, 1], A) by 

r 

92{t) = ^{\i{t)wi{t){a2i - e)+w*Xt) + Aj(t)Ai+i(t)a2j+i)- 

1=0 

(In the equation above we are taking A^+i = and a^+i = 0.) 
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If t G [t2j,t2j+i] with < j <r, then g2(t) = Xi{t)wj{t){a2j - e)+Wj(t) ~ {a2j - e)+. Hence, 

If t e {t2j+i,t2j+2) with < j < r - 1, then 

g2(t) = \j(t)wj{t){a2j - e)+Wj{ty + \j+i{t)wj+i(t){a2j+2 - e)+Wj+i(t)* + \j{t)\j+i{t)a2j+i 

= \j{t)vj{a2j - e)^v] + Aj+i(t)Uj+i(a2j+2 - e)+^^j*+i + Wa2j+i- 

By (O the element (72(i) belongs to Her(a2j+i), whence g2{f) 02^+1. Also, we have 

5'2W > Aj(t)Aj+i(t)a2j+i ~ a2j+i. 

Therefore, a(Xg'^(t) = [02^+1]. 

It follows that a;([(72]) = f2,e> which proves the result. □ 

Theorem 2.6. Let Abe a separable C* -algebra. If the natural map 

a: Cu(C([0,l],A)) ^Lsc([0,l],Cu(A)) 
is an order embedding, then it is an isomorphism in the category Cu. 

Proof. Without loss of generality we may assume that A is stable. In addition, we only 
need to prove that a is surjective since by our assumptions this will imply that it is an 
order-isomorphism, whence an isomorphism in the category Cu. 

Let / G Lsc([0, 1], Cu(y4)). We know from Proposition 15.141 combined with Lemma [L3] 
that there is a rapidly increasing sequence of functions (/„) in %(/) such that / = sup /„. 
By Lemma |23l we may suppose that there exists G C([0, 1], A)+ with «([(?„]) = /„. As a 
is an order-embedding by assumption, the sequence ([(?«]) is increasing. Let [g] = sup 
Then 

"(M) = sup a{\gn]) = sup /„ = / , 

n n 

as desired. □ 

From Theorems 12.11 and 12.61 we immediately obtain the corollary below. Much more is 
true, as will be shown in the next section. 

Corollary 2.7. Let Abe a separable C* -algebra with stable rank one such that Ki(/) = 0/or every 
closed two-sided ideal I of A. Then, the map 

a: Cu(C([0, 1],A)) ^Lsc([0, l],Cu(A)), 

given by a{\a\){t) = [a{t)] is an isomorphism in the category Cu. 

3. Fullbacks 

In this section we extend the previous results to spaces of dimension at most one. En 
route to our result, we analyse the behavior of the functor Cu under the formation of 
certain puUbacks, which we describe below. 

Let A, B, and C be C*-algebras. Let n: A ^ C and : B ^ Che *-homomorphisms. We 
can form the pullback 

B®cA = {{h,a)eB®A \ (t){b) = 7r(a)}. 
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By applying the Cuntz functor Cu(-) to the *-homomorphisms tt and we obtain Cuntz 
semigroup morphisms (in the category Cu) 

Cu(7r): Cu{A) Cu(C) , and Cu(0) : Cu{B) Cu(C). 

Let us consider the puUback (in the category of ordered semigroups) 

Cu(5) ©cu(c) Cn{A) = {{[b], [a]) e Cn{B) © Cu(A) | Cu(0)[6] = Cu(7r)[a]}. 
Then, we have a natural order-preserving map 

(4) 13 : Cu(fi©cA) ^Cu(5)©cu(c)Cu(A), 

defined by (3{[{b, a)]) = {[b], [a]). Observe that since Cu(7r) and Cu(0) are maps in Cu, the 
pullback semigroup Cu{B) ©cu(c) Cu{A) is closed under suprema of increasing sequences. 
Note also that the map /3 preserves suprema. 

Theorem 3.1. Let A, B, and C be C*-algebras such that C is separable, has stable rank one, 
and Ki(/) = for every closed two-sided ideal I of C. Let (j): B ^ C and ir: A ^ C be *- 
homomorphisms such that tx is surjective. Then, the map 

(3: Cn{B (Be A) ^ Cn{B) ©cu(c) Cn{A), 

given by a)] = ([6], [a]) is an order embedding. 

Proof. By [[211 Theorem 3.9] applied to F = /C we may assume that A, B, and C are stable. 
Let ai) and (62, 0-2) be positive contractions of B (Be A such that ai ;< 02 and bi ;^ 62- 
Let < e < L Then, by the definition of the Cuntz relation there are x E A and y E B such 
that 

||ai — x*x\\ < e, XX* E Her(a2), 
\\bi - y*y\\ < e, yy* E Her(62). 
Since vr(ai) = and vr(a2) = 0(^2)/ the equations above imply that 
||7r(ai) - 7r(x)*7r(x)|| < e, ||vr(ai) - < e, 

(5) 7r{x)7T{x)\ mm* E Her(7r(a2)). 

By Lemma [L4l there is a unitary u E Her(7r(a2))~ such that 

||M7r(x)-0(i/)|| <9e. 

Using m Theorem 2.8] and that C is separable it follows that Her(a2) is stable isomorphic 
to an ideal of C. Hence, by our assumptions Ki(Her(7r(a2))) = 0. Since sr(A) = 1, we 
have by IHH Theorem 2.10] that U(Her(7r(a2))) = Uo(Her(7r(a2))). Therefore, m is in the 
connected component of the identity. By the surjectivity of the map tt there exists a unitary 
V E Her(a2)~ such that 7r(f ) = u, where tt : A^ C~ is the extension of tt to the unitization 
of the algebras A and C. In addition, there exists y' E Her (02) such that Tx{y') = (j){y)- 
Hence, we have 

||7r(t>x — y')\\ = ||'U7r(x) — (p{y)\\ < 9e. 
Since vx — y' E 02^ there exists z' E a2A fl Ker(7r) such that 

\\vx — y' — z'W < 9e. 
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Set 



y' + z' 



z. Then, 



zz* G Her(a2) 



vx — z\\ < 9e. 



Also, 



Oi — z*z\\ < \\ai — x*x\\ + \\x*x — z*z\\ 

< e + II {vx)*{vx) — z*z\\ 

< e + II {vx)*{vx — z)\\ + II {vx — z)*z 



< e + ||fa;||||fx — 2;|| + ||z||||fa; — z 



< e + 2\\vx — z\\ + ll||fx — z 



< 118e. 



Since ^{z) = (l){y) the element {y, z) belongs to B ®c ^, and by the previous computation 



Theorem 3.2. Let X he a one-dimensional compact Hausdorjf space and let Y he a closed suhset 
of X. Let Ahe a C{X)-algehra and let vry : A — )■ A{Y) he the quotient map. Let B he a C*-algehra 
and let (p: 5 -> A{Y) he a *-homomorphism. Suppose that, for every x e X, the C*-algehra A{x) 
is separahle, has stahle rank one, and Ki(/) = 0/or every two-sided ideal I of A{x). Then, the map 

(3: Cu{B ®AiY) A) Cn{B) ©cu(A(y)) Cn{A), 
given hy /3[{b, a)] = ([6], [a]) is an order emhedding. 

Proof. By Remark |1.6l and |l2n Theorem 3.9] we may assume that A, A{Y) and B are stable. 

Let ai) and (62, 0-2) be positive elements of B ®a{y) ^ such that ai ;^ 02 and hi ;< 62- 
Let e > 0. By the definition of the Cuntz order, there exist d G B and c E A such that 

(6) ||ai — c*a2c|| < e, ||6i — d*b2d\\ < e. 

Since (f){bi) = 7ry(ai) and 0(62) = 7ry(a2), the second inequality in the equation above 
implies that 

||7ry(ai) - 0((i)*7ry(a2)0(rf)|| < e. 
Choose an element h E A such that TXY{h) = (p^d). Then, we have 

(7) ||ai(a;) — h{x)* a2{x)h{x)\\ < e, 



\\{h,ai)-iy,zny,z)\\ < 118e. 
In addition, since yy* E Her(62) and zz* E Her(a2) we have 



{y,z){y,zy= lim (62,02) "(z/>^)(z/>^)*(^2, 02)" G Her((62, 02)). 




e>0 



□ 
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for all X G F. By upper semicontinuity, there exists an open neighbourhood UofY such 
that the inequality above holds for all x E U. Since Y C X is compact and X is normal 
there exists an open subset V such that Y C V C V C U. Moreover, by Theorem IITSi 4.2.2] 
we may assume that V has an empty or zero-dimensional boundary 

Let D := A + C(X) • 1m(a)- Then, D is a C(X)-algebra that contains A as a closed two- 

1 1 

sided ideal by the first part of Lemma [L7l Consider the elements yi = a^c and y2 = h. 
Then yiyl, ^ Her(a2). Moreover, rewriting the first inequality in ((6]) and the inequality 
dZ]), we have 

hi - ylViW < e, hii^) - y2ix)*y2ix)\\ < e, 

for all X E V, where the second inequality holds in D{x) (here we are using that A{x) = 
'iTx{A) by the second part of Lemma [Tyl where n^: D ^ D{x) denotes the quotient map). 
In particular, if x G bd(y) we have yi{x)yi{x)* , 2/2(3^)1/2(2;)* ^ Her(a2(x)), and 

(8) \\ai{x) - yi{x)*yi{x)\\ < e, \\ai{x) - y2{xyy2{x)\\ < e. 

Since by assumption A{x) has stable rank one, the hereditary algebra Her (02(0;)) has 
stable rank one. In addition, since A{x) is stable and A = n^iA) we have that 1m{a){x) ^ 
7r2;(y4), whence lM{A)ix) ^ Her(a2(a;)). This implies that Her (02 (a;))-|-C-lM(A) = Her(a2(a;))~. 
By Lemma [Ll] applied to ©, there exists a unitary E Her(a2(a;)) + C ■ lM{A)ix) such that 

(9) Wu^-.yiix) - y2ix)\\ < 9e. 

Since the Ki-group of every ideal of A{x) is trivial, it follows that Ki(Her(a2(a;))) = 
by [31 Theorem 2.8] and the separability of A{x). Hence, by H23l Theorem 2.10] every 
unitary in Her(a2(x)) + C ■ iM(A)ix) is connected to the identity, and in particular u^. Since 
Her(a2(a;)) + C ■ lM{A)ix) is the image of Her(a2) + C ■ iM(yi) by tt^ and unitaries in the 
connected component of the identity lift, there exists a unitary E Uo(Her(a2) + C ■ 1m{A)) 
such that v^{x) = u^. 

Suppose first that bd(V') ^ 0. Note that, by (0), 

\\{v''yi-y2){x)\\ = \\u,^yi{x) - y2{x)\\ < 9e , 

for all X E X. Hence by the upper semicontinuity of the norm and since bd(V) is zero 
dimensional and compact, there are points xi, . . . , x„ G bd(y) and an open cover of bd(y) 
consisting of pairwise disjoint neighbourhoods (V^i)"=i with Xj G Vi such that 

(10) Wiv^^y, ~ y2){x)\\ < 9e, 

for all i and all x G Vi. Since the sets (Vi)^=i are open, closed, pairwise disjoint, and form a 
cover of hd{V), the C*-algebra D{hd{V)) can be identified with the C*-algebra 0"^^ D{Vi). 
Let us consider the element v = 0"^^^ 7ry-(f^') G D(hd{V)) (here we are using the previous 
identification). Then, v is a unitary in 7rbd(v')(Her(a2) + C ■ 1m(A)) that is connected to the 
identity 7rbd(v) (1m(A))- Hence, there is a unitary u E Her(a2) + C ■ iM(yi) such that TT]^d{v) (u) = 
V. By (|T0|) we have 

\\u{x)yi{x) - 2/2(3;) II < 9e, 

for all X G bd(y). 

Set uyi = y[. Since yi E a2A, It follows that y[ E 02^- Further, y[y'{ E Her(a2), and 

||ai - {y[yy[\\ < e, ||y;(x) - 2/2(0;) || < 9e. 
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for all X E hd{V). By upper semicontinuity of the norm there exist an open neighbourhood 
W of hd{V) such that W nY = 0, and 

(11) \\y[{x)-y2{x)\\<9e, 

for all X e W. Let /i, /2 G C(X) be a partition of unity associated to the covering of X 
given by the open sets V^UW and U VT. In case bd(V^) = we proceed analogously 
with u = Im{A) and W = 0, since now V, V are both open sets. 

Consider the the element z = fiy[ + f2y2- Then, z E A and zz* G Her(a2). Next, using 
(|TT]) , a computation analogous to the one carried out in the proof of Theorem 12.11 shows 
that 

\\z*z - aiW < 28e. 

1 i_ 
By construction tty{z) = whence the element {z, G i? (Ba{y) A, and 

\\{z,bldy{z,bld) - (ai,6i)|| < 28e. 

1 1. 

In addition, since zz* G Her(a2) and 6| 6/(62 c^)* ^ Her(62)/ we have 

11 ill 1 

(z, 6|c?)(z, 6|(i)* = lim (02, 62) " (-2, ^)(-2, ^)*(a2, 62) " G Her((a2, &2))- 

Hence, by (M Lemma 2.2] 

((ai, 61) -28e)+;^ (02,62). 

Therefore, 

[(ai, 61)] = sup[((ai, 61) - 28e)+] < [{a^, h)]. 

□ 

Theorem 3.3. Let X be a compact Hausdorff space and let Y be a closed subset of X. Let Abe a 

C{X)-algebra, and let B be any C*-algebra. Suppose that the map 

a: Cn{A) JJ Cu{A{x)), 

given by a([a])(x) = [a(x)] is an order embedding. Then 

(i) The map 

(5: Cn{B ®A(Y) A) Cn{B) ®cu(A(y)) Cn{A), 

defined by /?([(&, a)]) = {[b], [a]) is surjective. 

(ii) The pullback semigroup Cu{B) ©cu(A(y)) Cu{A) is in the category Cu. 

Proof, (i). By Remark ll. 61 and f2T, Theorem 3.9] we may assume that A, A(Y), and B are 
stable. Let a E A and 6 G -B be positive elements such that Try (a) ~ 0(6). Choose a positive 
element c E A such that vry (c) = 0(6). Then we have Try (a) ~ vry (c). 

Let e > 0. Since vry (a) ;^ vry(c), by (iii) of Proposition 11.11 there exists < 6 < e such that 
7ry((a — e)+) ^ t^yHc — 5)+). Therefore, by the definition of the Cuntz order and since Try 
is surjective there exists d E A such that 

||7ry(a — e)_|_ — 7ry((i)*7ry(c — 5)+7ry (rf) || < e. 
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In particular, in the fibre algebras A{x), with x eY, we have 

II (a — e) + (x) — d{x)*{c — 6)+{x)d{x) \\ < e. 

By upper semicontinuity of the norm, there exists an open neighbourhood U oi Y such 
that the inequality above holds for all x eU. Since X is normal there exists an open set W 
such that Y C W C W C U. Without loss of generality we may assume that U = W and 
that 

||(a - e)+{x) - d{xy{c - 5)+{x)d{x)\\ < e, 
holds for all x E U. It follows now that 

||7ru((a — e)_|_ — d*{c — S)+d) \\ < e. 

By IITSl Lemma 2.2] and since ttjj is surjective, there exists f E A such that vr^((a — 2e)+) = 
7r^(/*(c — 5)+/). This implies that 

(12) 7r^((a-26)+);^7r^((c-5)+), 

(13) njjiia - 3e)+) = (c - 5)+/ - e)+). 

Since /*(c — 5)+/ ^ (c — 5)+, by (iv) of Proposition 11.11 there exists a unitary m G A~ such 
that 

(14) u*{r{c - 6Uf - eUu e Her((c - 5)+). 

Let us consider the element a' = u*au. Then, equations (|T3|) and ((14)) imply that 

TTjjiia' - 3e)+) G vr^(Her((c - 5)+)) = Her(vr^((c - 5)+)). 
Hence, passing to the fibres we have 

(15) (a'-3e)+(s) G Her((c-5)+(a;)), 
for all X G f/. In addition, by (|T2l) we have 

(16) (a'-2e)+(a;);^(c-5)+(x), 
for all X e U. 

Now let us use that 7ry(c) ;^ vry(a) ~ 7ry(a'). Arguing as above, there exists g E A such 
that 

||c(x) - g{x)*a'{x)g{x)\\ < S' < S, 

for all X in a closed neighbourhood V of Y. Without loss of generality, we may assume 
that U = V. Therefore, 

||7r^(c-/a'^)|| <5' <6. 

Hence, by IfTSl Lemma 2.2] we have 7r^((c — ^ 'njj{a'). This implies by (iii) of Propo- 
sition [LI] that vr^((c — 5)+) ;^ 7r^((a' — 3e')+), for some e' < e. Now passing to the fibres we 
have that 

(17) (c-5)^(x);^(a'-3e')+(a;), 
for all X E U. 

Let /i, /2 G C(X) be a partition of unity associated to the open sets U and X \ Y. Let us 
consider the element 

z = /i(c-5)+ + /2(a'-3e)+. 
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^' 3e)^ r<, z r<, (a' - 3e') 



Then, 

z{x) = (c(x) — 5)+ ifxEY, 

z{x) = (a'(x) - 3e)+ iix eX\U, 

^i^) (c — + or z{x) ^ (a' — 3e)+(a;) if x G f/, 

G Her((c(x) - 5)+)) if a; G t/, 

where the last equation follows by (|T5|) . 

By the choice of c and the first equation in (|T8|) we have z(x) = (c— = {(f){b) — 5){x), 
for all X G F. Hence, ity{z) = (j){{h — 5)+), and so ((6 — 5)+, 2;) is an element of the pullback. 
We also obtain by the first and third equation of ((18)) and by (|T6l) that {a' — 3e)+(x) ;^ 2;(a;), 
for all x G X. In addition, by the first and last equation of ((T8|) and by ((T7|) we obtain that 
z(x) ;^ (a' — 3e')+(x), for all x G X. Since by assumption the map a is an order embedding, 
this yields 

{a 

Therefore, we can choose sequences 5„ < e„ decreasing to zero and elements Zn in 
such that {{h-5n)+, z^) G B ®a{y) A, 

for all n, sup„[(6 - 5„)+] = [b], and sup„[2;n] = [a'] = [a]. Moreover, {[{b - 5n)+], [zn\) is by 
construction rapidly increasing and sup„([(6 — 6n)+], [zn]) = {[b], [a]). It also follows that 

/3(sup([((6 - 6n) + , Zn)]) = sup - 6n) + , Zn)]) = SUp([(6 - [Zn]) = ([&], H) , 

n n n 

which proves that (3 is surjective. 

(ii). We need to show that Cu{B) (Bcu{a{y)) Cn{A) satisfies the axioms of the category Cu, 
that is to say, (i), (ii), and (iii) of Theorem II 21 It was previously shown in the proof of the 
first part of the theorem that the pullback satisfies (ii). That the pullback satisfies the rest 
of the axiom follows easily using this fact and that Cu(7ry) and Cu(0) are morphisms in 
the category Cu. □ 

We now turn our attention to the C(X)-algebras of the form C(X, A). In order to deal 
with general one-dimensional spaces, we will first analyse the case where the underlying 
space is a graph. These algebras can be conveniently described in pullback form, as follows 
(see, e.g. [13, Section 3.1] combined with [[211 Theorem 3.8]). As a directed graph, write 
X = (V, E, r, s), where V = {f 1, . . . , Vn} is the set of vertices, E = {ei, . . . , Cm} is the set 
of edges, and r,s: E — )■ V are the range and source maps. For 1 < k < m, denote by 
ik- A y4™ © the inclusion in the A;th component of the first summand. Likewise, we 
may define jk- A ^ A™ © A"^ for the second summand. Next, define 

0: C{V,A) ^ A'"©A"^ 

by 

n 

<Pi9) = Y.i 'k{9{vi))+ Yl 3k{9{vi))). 

1=1 kes-^{vi) k&-'^{vi) 

Finally, let 7r{o,i} : C([0, 1], A) — )■ C({0, 1}, A) denote the quotient map. Then 

C(X, A) = C([0, 1], A^) ®A-^A- CiV, A) 
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(where A™ © A™ is identified with C({0, 1}, A"^) in the obvious manner). 

Theorem 3.4. Let X be a locally compact Hausdorff space that is second countable and one- 
dimensional. Let Abe a separable C* -algebra with stable rank one such that Ki(/) = Q for ev- 
ery closed two-sided ideal I of A. Then, the map a: Cu(Co(X, A)) — )■ Lsc(X, C\x{A)) given by 
a{[a\){x) = [a{x)],for all a G Cq{X, A) and x e X, is an isomorphism in the category Cu. 

Proof. By Corollary 12.71 the result holds when X = [0, 1]. Now, let X be a finite graph. By 
Theorems 13.31 and 13.21 and the comments previous to this theorem 

Cu(C(X, A)) - Cu(C([0, 1], A")) ®cniAmeA-) Cu(C(y, A)) 

^ Lsc([0, 1], Cu(A")) ©cu(A'"©A-) ^sc{V, Cn{A)) 
^ Lsc(X, Cu{A)). 

Note that the isomorphism between Cu(C(X, A)) and Lsc(X, Cu(A)) obtained above is 
given by the map [a] t-^ {x e X [a{x)]). 

Next, any compact Hausdorff space X that is second countable and one-dimensional 
can be written as a projective limit X = Hm(Xj, /ij jgN/ where Xi are finite graphs and 
fiij : Xj — )■ Xi, with i < j, are surjective maps (see [15, pp. 153]). By ||9l Theorem 2] this 
implies that 

Cu(C(X, A)) = lin^(Cu(C(X„ A)), Cu(p,,,)),,,eN, 

where pij : C(Xj) — )■ C{Xj), with i < j, is the *-homomorphism induced by fiij, i.e. p(/) = 
/ o fii j. In addition, by (i) of Proposition 15.181 we have 

Lsc(X, Cu{A)) = lim(Lsc(Xj,Cu(v4)),Lsc(/iij))ijgN, 

where the maps Lsc(/ijj) : Lsc(Xj, Cn{A)) -> Lsc(Xj, Cn{A)) are given by Lsc(/) = / o /ij j. 
Consider the following diagram: 

Cu(C(Xi, A)) Cu(C(X2, A)) . Cu(C(X, A)) 

a 

Lsc(Xi, Cn{A)) if!^ Lsc(X2, Cn{A)) . Lsc(X, Cn{A)) 

This diagram is clearly commutative. Hence, since by the argument above the vertical 
arrows in the finite stages are isomorphisms the map between the limit semigroups is an 
isomorphism. This proves the theorem in the case that X is compact. 

Let X is an arbitrary locally compact space. Then, applying the first part of the proof to 
its one-point compactification X = X U {oo} we conclude that the map a : Cu(C(X, A)) — > 
Lsc(X, Cn{A)) is an isomorphism in the category Cu. It is easy to check that the image 

by a of the order-ideal Cu(Co(X,A)) of Cu(C(X,A)) is {/ G Lsc(X,Cu(A) | /(oo) = 0}. 
The latter is in turn order isomorphic to Lsc(X, Cu{A)) (via restriction). Thus, the result 
follows. □ 



Corollary 3.5. Let X bea compact Hausdorff space that is second countable and one-dimensional. 
Let A be a separable C*-algebra with stable rank one such that Ki (/) = 0/or every closed two-sided 
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ideal I of A. Let B he any C* -algebra and suppose 0: B — )• C{Y,A) is a *-homomorphism, where 
Y C X isa closed subset of X. Then 

Cn{B ®c(Y,A) A)) = Cu(5) ©Lsc(y,Cu(^)) Lsc(X, Cu{A)), 
in the category Cu. 

Proof. Combine Theorems 13.21 13.31 and 13.41 □ 

Corollary 3.6. Let X be a second countable, compact Hausdorff space of dimension at most two 
such that its second Cech cohomology group H^(X, Z) vanishes. Let Y be a closed subspace of X 
of dimension zero, let Abe a AF-algebra and let B be an arbitrary C*-algebra. If ir: C(X, A) 
C{Y, A) is the quotient map and 0: 5 — > C{Y, A) is a *-homomorphism, then 

Cn{B (BciY,A) C{X, A)) = Cn{B) ©Lsc(y,Cu(A)) Lsc(X, Cn{A)), 
in the category Cu. 

Proof. Since A is an AF-algebra, A admits an inductive limit decomposition 

Ai^ A2^ > A, 

where the C*-algebras Ai, i = 1,2, . . . , are finite dimensional. By [9, Theorem 2] and by (ii) 
of Proposition 15 181 we have Cu{A) = \u^Cu{Ai) and Lsc(X, Cu{A)) = lii^Lsc(X, Cu(A))- 
Consider the following commutative diagram: 

Cu(C(X, Ai)) Cu(C(X, A2)) Cu(C(X, A)) 



Lsc(X, Cu(Ai)) Lsc(X, Cu(A2)) Lsc(X, Cu{A)) 

where the vertical arrows are given by the Cuntz semigroup morphisms induced by the 
rank function. These maps are isomorphisms by [,24, Theorem 1]. Hence, they induce an 
isomorphism between the limit semigroups, that is, Cu(C(X, A)) = Lsc(X, Cu{A)). 

Since Y is compact and zero-dimensional, and A is AF, we see that C(Y, A) is AF. It thus 
follows that Ki(/) = for any ideal / of C{Y, A). The corollary now follows from Theorems 
Oandim □ 

Corollary 3.7. Let X be a locally compact Hausdorff space that is second countable and one- 
dimensional. Let Abe a separable C* -algebra with stable rank one such that Ki(/) = Q for every 
closed two-sided ideal I of A. Then, the semigroup Cu(Co(X, A)) is order-cancellative with respect 
to <. 

Proof. By Theorem |3.4[ a: Cu{Co{X, A)) — Lsc(X, Cu(A)) is an order-isomorphism. Let 

[a], [b], [c] e Cu(Co(X, A)) be such that 

[a] + [b] < [a] + [c] . 

There exists then e > with [a] + [b] < [{a — e)+] + [(c — e)+]. Applying a we obtain 

[a{x)] + [b{x)] < [{a{x) - e)+] + [(c(x) - e)+] 

for all X E X. Using now ||29l Theorem 4.3], we conclude that [b{x)] < [(c(x) — e)+] for 
all X e X. Since a is an order-isomorphism, we get [b] < [(c — e)+], so that [b] <^ [c], as 
desired. □ 
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Recall that an element a in an ordered semigroup is compact if a <^ a. Compact elements 
in Cn{A) are strongly related to equivalence classes of projections (see, e.g. Ill and ||4]]). 

Corollary 3.8. Let X he a locally compact Hausdorff space that is connected, second countable, 
and one-dimensional. Let Abe a separable C* -algebra with stable rank one such that Ki(/) = 0/or 
every closed two-sided ideal I of A. Then, an element [/] G Cu(Co(X, A)) is compact if and only if 
there exists a compact element a G C\x{A) such that [fit)] = a, for all t e X. 

Proof. Upon identifying Cu(Co(X, A)) with Lsc(X, Cn{A)), which we may by Theorem |3.4[ 
we assume that / G Lsc(X, Cn{A)) is compact. 

Let t e X, and write f{t) = sup„ /„(t) as in Proposition 15.51 where the functions /„ are 
constant in a neighbourhood Vt of t. Then / has a constant value at in a neighbourhood of 
it. 

Since f <^ f implies /(t) <^ f{t) for all t G X, we have at <^ at- Further, since X is 
compact, we can find a finite cover (V^Jf^^ with associated compact elements a^.. It is clear 
that Vti n Vt- = if at^ ^ at^, so using the connectedness of X, we find a unique value at^, 
and so / is constant. □ 



4. Examples 

We now give some examples of the computation of Cn{A) for certain C*-algebras. 

Recursive Sub-homogeneous algebras. The class of Recursive Subhomogeneous Alge- 
bras (rsh-algebras) defined in [22J is the smallest class TZ of C*-algebras which contains 
C(X, M„) for all compact Hausdorff spaces X and n > 1, and which is closed under iso- 
morphisms and puUbacks of the type 



(19) A 

•p 

C(X,M„) — C(F,M„) 

where A is in 7^, (/? is a unital *-homomorphism, F C X is a closed subspace of X and p is 
the restriction map. 

If we restrict to the class of rsh-algebras R constructed using compact Hausdorff spaces 
of dimension at most one, we can describe their Cuntz semigroup by an iterated use of 
Corollary 13.51 as: 

Cu{R) ^ 

(. . . ((lsc(Xo,N) ©L3c(yi,N) Lsc(Xi, N)) ®^,,^y„n) Lsc(X2,N)) . . . ) ©Lsc(y„N) Lsc(Xfc,N), 

where X^ are second countable compact Hausdorff spaces of dimension at most one and 
Yi C Xj are closed subsets. Note that N = N U {oo} can be naturally identified with the 
Cuntz semigroup of M„. 
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Non-commutative CW-complexes. Noncommutative CW-complexes introduced by Eil- 
ers, Loring and Pedersen in 11311 are a particular case of rsh-algebras. A one-dimensional 
NCCW-complex is the resulting C*-algebra pullback of the following diagram 

(20) E 

C([0,1],F)^F©F 

where E, F are finite dimensional C*-algebras, if is an arbitrary *-homomorphism, and 
p is given by evaluation at and 1. One-dimensional NC CW-complexes cover a large 
amount of C*-algebras, including dimension drop algebras, spitting interval algebras, 
and the building blocks used in the classification of one-parameter continuous fields of 
AF-algebras (see [12J). The classification of inductive limits of one dimensional NCCW- 
complexes with trivial Ki-group was carried out in 1.25 J using the functor Cu"" which is 
related to the functor Cu. 

Using Corollary 13.51 the Cuntz semigroup of a one dimensional NCCW-complex can be 
computed as the induced pullback of ordered semigroups in Cu. We identify the Cuntz 

semigroup of a finite dimensional C*-algebra with N for some k. Since (p: E ^ F (B F is 

any C*-algebra map, we obtain a semigroup map Cu N — )■ N which is thus described 
by a matrix A e M2s,r(N). Now the map Cu(p) : Cu(C([0, 1], F)) Cu{F © F) is given by 

evaluation at and 1 of lower semicontinuous functions /: [0, 1] — )• N . Therefore, the 
ordered semigroup pullback is isomorphic to 

{(/, b) G Lsc([o, 1], r ) © r I (/(o), /(I))* = Ab}, 

which is thus completely determined by the matrix A. 

Dimension drop algebras over the interval. Dimension drop algebras are a particular 
case of non commutative CW-complexes. In fact we will consider a slightly more general 
case since we need not restrict to finite dimensional algebras. 

Given two positive integers p, q the dimension drop algebra is defined as 

Zp,, = {/ G C([0, 1], Mp(C) © M,(C) I /(O) G Mp(C) © /„ /(I) G Jp © M,(C)}. 

and can be described as the pullback of the following diagram 

Mp(C) © M,(C) 

</> 

C([0, 1], Mp(C) © M,(C)/— (Mp(C) © M,(C))2 

where \i{f) = f{i) and B) = {A® Ig, Ip © B). 

Identifying Cu(M^(C)) with we obtain by Corollary ISj 

Cu(Zp,) - {/ G Lsc([0, 1], -W) I /(O) G -W, /(I) G -N}. 

pq P Q 

In case p, q are coprime, Zpq is called a prime dimension drop algebra. The Jiang-Su alge- 
bra Z is constructed as an inductive limit of diferent prime dimension drop algebras ^p„q„ 
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which is simple and has a unique trace. This construction can be slightly simplified using 
a unique dimension drop algebra Zpq and a unique morphism 7 : Zp^ — )■ Zpq but alow- 
ing p, q to be supernatural numbers of infinite type, that is to say, p°° = Pi (see l|29l ). The 
construction for Zpq can also be done using a pullback as before but now Mp(C) should be 
replaced by the corresponding UHF-algebra. The Cuntz semigroup of these UHF-algebras 
can be computed using the description given in e.g. ||5l as 

(21) Cp := Cu(lim(M„(C); n I p)) := M++ U I J -N U {00}. 

-)• ^ n 

n\p 

Hence, observing that Cp,Cq C Cpq, we have 

Cu{Zpq) - {/ G Lsc([0,l],Cp,) I /(O) G Cp, /(I) G CJ. 

Dimension drops algebras over a two dimensional space. Let X be compact Hausdorff 
space of dimension two such that H^(X, Z) = 0, and let xi, X2, ■ ■ ■ , Xn G X. Given super- 
natural numbers pi,P2, ■ ' ' )Pn of infinite type, let us consider the dimension drop algebra 

^Pl,P2,--- ,Pn ~ 

n 

{/ e C(X, (g)MpJ I f{xi) elp,®---® lp,_, ® Mp^ ® Ip^^^ ® ■ ■ ■ ® ^ = 1,2, ■ ■ ■ ,n}. 

1=1 

This algebra can be described as the pullback of the following diagram: 

</> 

C(X, MpJ ^ Lsc(r, (8):Li m,j 
where Y = {xi, xs, ■ ■ ■ , a;„}, A(/) = /|y, and 

for 2 = 1, 2, ■ ■ ■ , ra. By Corollary 13.61 

n 

Cu(Zp,,P2,...,p„) = (^CpJ ©Lsc(Y,CpiP2...p„) Lsc(X, Cp^p2...p„). 

Hence, we have 

Cu(Zp,,p2,...,pJ = {/ G Lsc(X, Cp,p2...p„) I f{xi) G Cp^, i = 1,2,--- 
where Cp is as in (|2T1) . 

Mapping torus of A. Let A be a C*-algebra and 0: A — )• A an automorphism. The map- 
ping torus of the pair {A, 0) is defined by 

T^(A) = {/gC([0,1],A) |/(1) = 0(/(O))}. 
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(id,9i) 



C([0,1],A) 



P{0,1} 



A® A 



Therefore, if A has stable rank one and Ki[I) = for every ideal in A, using Corollary 13.51 



Our aim in this section is to prove that the set Lsc(X, M ) of lower semicontinuous func- 
tions from a compact Hausdorff space X with finite covering dimension to a countably 
based semigroup M in Cu, equipped with the pointwise order and addition, is also a 
semigroup in Cu. Throughout this section, X will always denote a topological space that 
is second countable, compact, and Hausdorff, whence metrizable. 

The following lemmas are easy to prove and hence we omit the details. 

Lemma 5.1. If M is a semigroup in Cu, then f G Lsc{X, M) if and only if, given t e X and 
a <^ f{t), there exists an open neighbourhood Ut oft such that a <^ f{s),for all s G Ut- 

Lemma 5.2. Let f G Lsc(X, M) and Y C X a closed set. Then, 



is a function in Lsc(X, M) 

A source of examples of these functions is obtained by the action of the characteristic 
functions of open subsets of X in Lsc(X, M). This action is described as follows: given an 
open set t/ C X and a function / G Lsc(X, M), f ■ xu defined by 



This function belongs to Lsc(X, M) by Lemma l5l2l 

Remark 5.3. If M is a semigroup in Cu, and (a„) is an increasing sequence with a <^ 
sup„ an, then there exists m such that a <^ a^- Indeed, write sup„ a„ = sup;. b^, for a rapidly 
increasing sequence (bk) in M, and find k such that a < 6^. As bk+i < am for some m, this 
yields a <bk ^ bk+i < am, so a ^ am- 

Lemma 5.4. Let M be a semigroup in Cu. Then: 

(i) Lsc(X, M) endowed with the pointwise addition and order is an ordered semigroup. 

(ii) Lsc(X, M) is closed under (pointwise) suprema of increasing sequences. 



we obtain 



Cu(T<^(A)) = {/ G Lsc([0, 1], Cn{A)) \ /(I) = Cu(</))(/(0))} . 



5. Semigroups of lower semicontinuous functions 



(i) The restriction fly offtoY is a function in Lsc(y, M). 

(ii) Ifg& Lsc(F, M) and g < fly, then 
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Proof, (i). Let a e M and t G {f + g) ^{a^)- Let us write f(t) = sup„ /„ and g(t) = sup„ 
where (/„), (gn) are rapidly increasing sequences. Then (/ + 5f)(t) = f{t) + g{t) = sup„(/„ + 
gn)- Since a <ti [f + g){t) = f{t) + g{t) = sup„(/„, + gn), there exists > such that 
O' ^ In + gN- Next, since <^ f{t)-,gN ^ and f,g ^ Lsc(X, M), there are open 
neighbourhoods Ut and Vt of t such that /at ^ /(s) if s G t/t and g^ ^ (7(5) if s G Vj. 
Hence, Wt = UtCi Vt is an open neighbourhood of t, and clearly 



for all s G Wt- Therefore Wt {f + g) ^{a"^), which proves that (/ + g) ^(a"^) is open, 
whence {f + g) e Lsc(X, M). 

(ii). Let (/„) be an increasing sequence in Lsc(X, M), and put f{t) := sup„ fn{t)- Since 
M is closed under suprema of increasing sequences, / exists. For any t G X, and a <^ 
f{t) = sup„/„(t), there exists by Remark |53l a number such that a <C /Ar(t). Lower 
semicontinuity of /at now provides a neighbourhood Ut such that a <C /Ar(s) < /(s) for all 
s G f/j. Therefore / G Lsc(X, M) and clearly / = sup„ /„. □ 

The following proposition provides a characterization of compact containment in these 
function spaces. 

Proposition 5.5. Let M bea semigroup in Cu. Given f,gG Lsc(X, M) lue have g <^ f if and only 
if for every t e X there are an open neighbourhood Ut oft, and Ct & M such that g{s) < Ct ^ f{s) 
for all s eUf 

Proof. Suppose g <^ f. Given t G X let us write f{t) = sup^a^ where (a-m) is a rapidly 
increasing sequence. Since / G Lsc(X, M) and X is metrizable there exists, for all m, an 
open neighbourhood Vm of t such that a™ ^ /(s) for all s G Vm- Moreover, using that X 
is metrizable we may choose these neighbourhoods to be such that {t} = f]^ Vm- 
Consider the following functions in Lsc(X, M), 



Using Lemma \5?2\ we see that G Lsc(X, M), and it is clear that / = sup^ fm- Hence, 
there exists mo such that g < fmo, and this inequality proves the result by taking Ut = Umo 

and ct = amo- 

Now suppose the condition holds, and consider an increasing sequence hn G Lsc(X, M) 
such that / < sup„ For each t E X there are a neighbourhood Vt of t and Cj G M such 
that (7(5) < Q ^ /(s), for all s G Vt. Thus, g{t) < ct<ti f{t) < sup„ hn{t). Hence, there exists 
nt G N such that q ^ hn^it). Lower semicontinuity of now provides a neighbourhood 
Ut such that q < for all s G Ut. Put = f/^ n 1^. Then, 



whenever s G VFf. 

By compactness of X, there is a finite cover Wt^, . ■ ■ , Wt^ such that g{s) <^ Ki^is) for 
every s G Wt^. Since the sequence is increasing, there exists N such that /int^ < /^^at for 
all i and thus g{s) < h^is) for all s E X. We thus have (7 < h^. This implies that g <^ f, as 




f{s) otherwise 



desired. 



□ 
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With this characterization at hand, we can now prove that addition in Lsc(X, M) is com- 
patible with compact containment. 

Corollary 5.6. Let Mbea semigroup in Cu. Let fi,f2,gi,g2 e Lsc(X, M) such that fi ^ gi and 
/a < g2. Then, /i + ^ < + g2- 

Proof. Let t G X. As /i ^ gi and /a ^ (72/ we obtain by Proposition 15.51 neighbourhoods 
Ut and of t, and elements G M such that < q <^ fl'i(s) for all s G f/j and 
/2(s) < dt <ti g2{s) for all s G Vt. Hence, Wt = Ut^ Vt is an open neighbourhood of t such 
that for all s G Wt, 

(/i + /2)(s) = h{s) + /2(s) < Q + < g^{s) + ^72(5) = + g2){s). 

A second usage of Proposition |53] yields /i + /2 ^ S'l + fi'2- D 

Corollary 5.7. Lrf M &e a semigroup in Cu, f G Lsc(X, M) anrf F C X a closed set. Then, we 
have 

(i) If a ^ f{s) for all s G F, fere exzsis an open neighbourhood Y C U such that a ^ f{s)for 
all s e U. Furthermore a • xv ^ f for all open sets V CY. 

(ii) Ifge Lsc(X, M) and g f, then g\Y < /|y. 

Proof. The first assertion in (i) is a straightforward application of Lemma 15. 1[ Then, since 
Y is compact, this can be used to find the open sets required by Proposition 15.51 Finally, 
(ii) is a consequence of Proposition 15. 5[ □ 

Recall that in a topological space X, the covering dimension is defined as the least n such 
that any open cover has an open refinement of multiplicity < n + 1, or infinity in case this 
n does not exist. Here, a cover U = {Ux}xeA has multiplicity k if every x G X belongs to at 
most k subsets in U. 

We proceed to show that, in case that X is finite dimensional, every function / G 
Lsc(X, M) can be written as the supremum of a directed set of functions. In relevant situa- 
tions such set can be taken to be a sequence and that will show that Lsc(X, M) is an object 
in Cu. 

We first generalize the step functions defined in the case of X = [0, 1] to an arbitrary 
space X (cf. Definition 12. 4|) . 

Notation 5.8. Given a family of open sets U = {t/i},;eA, we write Fu^t, T'lf ^, and Aufor the sets: 

Fu,t := {z G A I t G f/.}, Fi^, ,= {^ e ^\t eW^, Ay := Fl,^^ | t G X}. 

YJhen clear we will omit U in the notation. Observe that Au is a subset of the power set V{A) hence 
we order it by inclusion. 

Definition 5.9. Let X be an n-dimensional topological space, M a semigroup in Cu and f G 
Lsc(X, M). A function g: X M will be termed a piecewise characteristic function for / if 
there are: 

(i) A family of open sets U = {t/j}™ ^ ofX such that {Ui}"^^ has multiplicity < n + 1. 

(ii) An ordered map (p: Au — > M with (p{0) = satisfying, for all t G X; 

(7(t)=^(F^,)<^(F^,)«/(t). 
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We will use the notation g := to refer to such a function. The set of all piecewise charac- 

teristic functions for f will be denoted by xif)- 

Lemma 5.10. If f & Lsc(X, M) and g is a piecewise characteristic function for f, then g e 
Lsc(X, M) and g <t: f. 

Proof Consider g = x{{Ui}Zi, v) as in Definition 15:91 with g{t) = y^{Ft) < (^(F/) < f{t). 

Given a <^ g{t), observe that t E Vt := flieFt ^« which is an open neighbourhood of t. 
Then, for all s EVt we have F, D Ft and therefore a <^ g{t) = '^{Ft) < ^{F^) = g(s) for all 
s G Vj. By Proposition |5.1[ this proves that g G Lsc(X, M). 

Now observe that given t E X, there is a neighbourhood Vt of t that only intersects the 
sets Ui with i G F/. Hence C F/ for all s G Vt. Therefore, g{s) = (/?(F,) < (/?(F/) < f{t) 
for all s E Vt. By lower semicontinuity of / we can choose this neighbourhood in such a 
way that g{s) < ^{FD <^ f{s) for all s E Vt. This implies by Proposition 15 . 5 1 that g <^ f. □ 

Lemma 5.11. Let M be a semigroup in Cu and f E Lsc(X, M). Then 

f = snp{g I g E xif)}- 

Proof. Given t E X, let us write /(t) = sup„ a„ where a„ <^ ctn+i- Given n, lower semicon- 
tinuity of / provides us with a neighbourhood f//^ such that a„ <^ f{s) for all s E U'^. Since 
X is normal, we can find an open neighbourhood t/„ such that Un^U'^. Hence, 

gn = XU„ = X(p(n,'^n), 

with Un = {Un}, V^(0) = and (p{{n}) = a^, is a piecewise characteristic function for / 
with gn{t) = cin- If now h E Lsc(X, M) is such that h > g for all g E xif)' then in particular 
h{t) > gn{t). Thus h{t) > a„ for each n, that is, h{t) > f(t). Since the supremum in 
Lsc(X, M ) is the pointwise supremum, we obtain that / is the supremum of its piecewise 
characteristic functions. □ 

The previous lemma describes each element / in Lsc(X, M) as the supremum of piece- 
wise characteristic functions that are compactly contained in /. But to prove that Lsc(X, M) 
is an object in Cu, we need to write / as the supremum of a sequence. In order to prove this, 
we will first show that the set of piecewise characteristic functions form a directed set, and 
that it can be chosen to be countable if furthermore M is countably based. 

To this end, we shall use induction on the dimension of the space. The key of the induc- 
tive step is encoded in the following lemma. 

Lemma 5.12. Let Y c X bea closed set, let f E Lsc(X, M), and let g E Lsc(y, M) be a piecewise 
characteristic function for /|y. Then, there exists a piecewise characteristic function hfor f such 
that g < /i|y. 

Moreover, if g = xO^^ 0)/ then for every 6 > h can be constructed as h = 4>^)' where 

< e < 6 and W consists of the e-neighbourhoods of the elements ofW, and 0" is a restriction of 

Proof. Suppose g = xi^^i 4>) where W = {IVjjjLi. For every e > and i = 1, . . . ,k, we 
denote by Wl the e-neighbourhood of Wi. That is, Wl = {x E X \ d{x, Wi) < e}. We claim 
that e can be chosen in such a way that Aw ^ Aw- 

Observe that for all e > and t E X, we have F^,^ D Fw,t ^ -^w,*- each j such that 

t ^ Wj, there exists 5j > 0, such that t ^ Wj for all 5 < 6j. Hence, for each t there exists 
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tt > such that -F^e^ ^ = Fy^;H,t = -Fyy,* ^^1^ hence there is a neighbourhood Vt of t such that 
^vv^t,s = FyvH,s = F-l^^t for all s G Vt. Since X is compact, we can find a finite number of 
such neighbourhoods Vt- covering X and hence there is < e < et . for which we will have 
A-w ^ Aw<^. In this situation, {W^} has the same multiplicity as {Wi}. 

Now, for each F e Aw and t e H^gF ^ have F C F/, and therefore 0(F) < 0(F/) < 
/(t). Hence 0(F) < /(t) for all t E flieF^ = Since Wp is closed in X, by Corollary 
15.71 there is an open neighbourhood Up of Wp (in X) such that 0(F) ^ f{t). Thus we can 
make e > smaller if necessary so that HieF ^ Up, and in such a way that this is true 
for all F G ^w- Then, 

(22) 0(F) < /(t) for alH G Pi Wl- 

Now, since ^ ^w=/ we consider = xO^^^ (f'^) where 0*^ = 0^^^^- 
Given t G X we have t G Higf' , Thus, by (|22l) we have 

h{t) = 0^(Fws<) < <P'iFi^.,t) « /(i), 

proving that his a piecewise characteristic function for /. 

Finally, it is clear that given t eY, Fy^^t ^ -^w.t ^ Aw^ C ^y^;. Hence, g{t) = (j){Fw,t) < 
0(i^wsi) = 0'(Fwst) = /t(t), impliying h\Y > g. 

The last assertion is clear by the construction of h. □ 

Proposition 5.13. Let M he a semigroup in Cu. Let /, gi and g2 G Lsc(X, M) and suppose that 
91,92 ^ /• Then, there exists h G xW) si'c/z that gi,g2 ^ h. In particular, x{f) is an upwards 
directed set. 

Proof. Let r] > 0. We will prove, by induction on the dimension of X, that there exists an 
open cover W of X and h = x(W, (f) such that gi,g2 ^ h <ti f and each open set f/j G W is 
contained in an r^-ball. 

By Proposition |5.5[ for any t E X we can find an open neighbourhood V/ of t and 
elements at,bt E M such that gi{s) < at f{t) and g2{s) < h <. f(t) for all s E V^. 
We may further assume that each V/ is a 5t-ball with center in t for some Q < 5t < rj. As 
elements compactly contained in f{t) form a directed set, there exists ct E M such that 
at,ht <ti Ct <ti f{t). Now, since / is also lower semicontinuous, we can choose the previous 
neighbourhoods in such a way that q ^ f{s) for all s E V/, and therefore gi{s),g2{s) <^ 
Ct < /(s) for all s E V/. Now let Vt be a 5t/2-ball with center t, so that 

gi{s),g2{s) ^ct<. f{s) for all s E V. 

By compactness, there exists a finite cover for X of the form V = {l^tjf^i. 

In case X has dimension this cover has a finite disjoint refinement, which means we 
can assume V is a finite cover of disjoint clopen sets. Hence, Av = {{1}, • • • , {k}}, and 
we can consider the piecewise characteristic function h := x(V, (p), where (p{{i}) = Ct^. By 
construction each Vt- is contained in an ?7-ball, and it is not difficult to check that gi,g2 <^ h. 

Now suppose dim X = n > 1 and that the result holds true for spaces of smaller di- 
mension. Retain the construction of Vt-, V^'., Ct- as before. Using [TF, 4.2.2], we may assume 

without loss of generality that the boundary, Y = IJi=ibd(Vt-) has dimension at most 
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n — 1. Let 6 = mm{6tj3} and so we have Vf. <^ V/. for alH = 1, . . . , A;, where V^. is a 
(5-neighbourhood of . 

Since y C X is a closed set, /|y G Lsc(y, M) (by Lemma |5^ . 

For alH = 1, . . . , A;, put V^f = F n l/^f and we have gi{s),g2{s) < Ct^ < f{s) for all s eV^. 
Hence we have Ct^Xv^ ^ fW for all i by Corollary 15.71 (i). By induction, there exists an 
open cover W = {WjYj^i of Y, with each contained in a 5/3-ball, and a piecewise 
characteristic function gfy = xO^i 0) for /|y such that 

(23) ctav/ ^gv ^ fW for alH = 1, . . . , k. 

Observe that whenever Wj fi Vt^ ^ 0, we have Wj C V^_ C Now we use Lemma 
l5l2] to obtain a piecewise characteristic function /i' = x(W'^, 0) for / such that gy ^ 
Decreasing e if necessary, we can further assume that each is contained in a (5/2-ball, 

and hence Wj C Vf. C V! whenever mr]%. ^ 0. 

LetF^ = U;=iW^^ 

Put Ui = for i = 1, . . . , r. For each G = {^i, . . . , F,./}, let f/^+i be an e/3-neigh- 
bourhood of n.eF, \ U (U^^p^^ V^tJ)- Observe that f/,+, C H.^^^ V^t,, and that V^m n 
f4_^^, = for all / 7^ 

Next consider the cover U = {Ui, . . . ,Ur, f/r+i, • • • , Ur+r'}- Observe that if F G Au, then 
either F G ^vv or F = F' U {r + /} for some F' G ^w, or else F = {r + /}. Since W has 
multiplicity at least n, we see that W has multiplicity at least n + 1. 

Let cp : — M be defined by 

r 0(F) if Fg^w 

ip{F) = } 0(F') if F = F' U {r + Z} for some /> 1, and F'g^w 
[ if F = {r + /}, and F; = {ii < • ■ ■ < 4J 

and let h = x(W) V')- We claim that h is a piecewise characteristic function for / such that 
gi,g2 < h. 

(i) is an ordered map. 

By definition of A^, we only have to consider the following cases: 

F' C F", F' U {r + /} C F" U {r + /}, F' C F" U {r + /}, {r + /} C F' U {r + /}, 

where F' C F" G ^w. By definition of and since is an ordered map, the only non 
trivial case is {r + 1} C F' U {r + I}. 

Then, suppose Fi = {ii < ■ ■ ■ < }, and F^ ^ = F'U{r + l}. This means t G (^fljeF' ^ 
(CtjLi \) ■ There exists ty eY such that F' = F^ . Given j G F', since t G W]n%~ ^ 0, 
we have C V/ , whence ty G V/ . Therefore, using; (l23b , we have 

y,({r + /}) = Ct^ = Ct^ ■ Xyy (ty) 

<^gy{ty) < h'{ty)=(f){Fw.^ty) 

<0(^wvJ=0(^') = ¥'(i^'U{r + /}), 
proving that (p is an ordered map. 
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(ii) his a piece wise characteristic function for /. 

Let t e X.lit eY^, then Fl^t equals F^y.^ or F^^.^ U {r + /}. Hence ^(Fl^^^) = ^(F^vsJ < 
f{t) since h' is a characteristic function for /. 

Otherwise, if t ^ F% then t G Ur+i for some / > 1, and ^ = Fu^t = {r + I}, where 
Fi = {ii < ■ ■ ■ < ii}. In particular, t E Vt^, therefore Ct-^ <ti f{t), and we have 

^(F^,) = ^({r + /})=Q, 

This proves that h G 

(iii) Qi <tih and (72 ^ h. 

Let t G X. If t G for some j, since H^j" C V^. for some i, we have 

5-1 (-5), 5-2(5) < < gv^s) < 

for all s G VTf . Otherwise if t ^ Y^, we have t G Ur+i Vt- , for some / and ii the first 
element in F/. Hence for all s G Ur+i, 

9iis),g2is) < = (p{{r + /}) < V2(i^w,s) = h{s), 

proving that gi, g2 <^ h. □ 

Proposition 5.14. Let X be a finite dimensional topological space, let M be an object in Cu, and let 

f G Lsc(X, M). IfM is countably based, then f is the supremum of a rapidly increasing sequence 
of elements from xif)- 

Proof. For any function h: X ^ M, put 

Uh = {{t,a) e X X M \ a <^ h{t)} , 

which is an open set when h is lower semicontinuous. We know from Lemma 15.111 that 
/ = sup{(7 I g G whence Uj = U(,gx{/) Since by assumption M is countably 

based, X x M has a countable basis, and so does Uf. As these spaces satisfy the Lindelof 
property, there is a sequence {gn) in x{f) such that Uf = \J Ug^. The sequence (gn) may be 
taken to be rapidly increasing by virtue of Proposition 15.131 This implies that / = sup gn, 
as was to be shown. □ 

Assembling the results above, we obtain the following: 

Theorem 5.15. Let X be a second countable finite dimensional compact Hausdorff topological 
space, and let M be an object in Cu. If M is countably based, then Lsc(X, M) (with the pointwise 
order and addition) is also a semigroup in Cu. 

Proof. Combine Lemma I5.4[ Corollary Isl and Proposition 15.141 □ 

We now proceed to study some functorial properties of Lsc. 

Lemma 5.16. Let X, Y be finite dimensional second countable compact Hausdorff spaces and M, N 
be countably based semigroups in Cu. 

(i) If f : X ^Y is a (proper) continuous map then, 

Lsc(/,M): Lsc(y,M) — > Lsc(X,M) 
9 I — > 9° f 

is an a map in Cu. 
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(ii) If a: M ^ N is a map in Cu, then 

Lsc(X,a): Lsc(X,M) — > Lsc{X,N) 
g I — > aog, 

is also a map in Cu. 

Proof, (i) It is easy to see that the map is well defined since / is continuous. It also preserves 
order, addition and suprema, since those are defined pointwise. To prove preservation of 
compact containment, we will use Proposition |5.5[ Assume gi <^ g2- For each t E X, since 
f{t)eY and gi <^ g2, there exists c/(j) G M and V/(t) an open neighbourhood of f{t) such 
that gi{s) < Cf(^t) < 92{s) for all s G Vf^t). Hence, (5-1 o f){s) < Cf^t) < {g2 o f){s) for all 
s G f~^{Vf(t)) which is an open neighbourhood of t. Therefore gi o f <^ g2 ° f- 

(ii) Let us first see that Lsc(X, a) is well defined, which is to say, Lsc(X, a) (g) G Lsc(X, A^) 
for all g G Lsc(X, M). Let g G Lsc(X, M) be fixed, and let x G X and a G be such 
that a <^ Lsc{X,a){g){x). Choose a rapidly increasing sequence (&„)„6n in M such that 
sup„6„ = fix). Since a <^ IjSc{X, a){g){x) = sup„a(6„) there exists no > 1 such that 
a < a{bno). Since g is lower semicontinuous and 6„o ^ g{x) there exists a neighbourhood 
U oi X such that <^ 9{y)> for all y E U. Hence, it follows that 

a < a(&no) < a{g{y)) = Lsc{X, a) {g){y), 

for all y E U. Since x and a are arbitrary this implies that Lsc(X, a){g) E Lsc(X, N). 

It is clear that Lsc(X, a) preserves the zero element, the order, and suprema of increas- 
ing sequences since a does. To complete the proof let us show that Lsc(X, a) preserves 
compact containment. Let g,h E Lsc(X, M) be such that g <^ h. By Proposition 15.51 for all 
X E X there exist G M and a neighbourhood U of x such that g{y) < <^ h{y), for all 
y eU. It follows that 

Lsc{X, a) {g){y) = a{g{y)) < a{c^) < a{h{y)) = Lsc{X, a) {h){y), 

for ally G U. Therefore, by applying Proposition |5.5l again we conclude that Lsc(X. a) (g) ^ 
Lsc(X,a)(/i). □ 

As a consequence of Lemma |5J6] and Theorem |5.15| we obtain 

Theorem 5.17, Let X be a finite dimensional second countable compact Hausdorff space and let 
M bea countably based semigroup in Cu. Then Lsc(-, M) defines a contravariant functor from the 
category of finite dimensional, second countable, compact Hausdorff topological spaces to Cu, and 
Lsc(X, — ) defines a covariant functor from the category of countably based semigroups in Cu to 
Cu. 

This functor is seen to be sequentially continuous in the following cases: 

Proposition 5.18. (i) Let (Xj, jj,ij)ij(z^ be an inverse system of compact Hausdorff one-dimen- 
sional spaces with surjective maps j^ij : Xj — )■ Xj for j > i. If M is a countably based 
semigroup in Cu, then 

Lsc(lim(Xi, fiij), M) = lim(Lsc(Xi, M), Lsc(/iij, M)) . 
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(ii) Let {Mi, be a directed system of countably based semigroups in Cu. If X is a second 

countable, compact, Hausdorff space, then, 

Lsc(lii^(Mi, aij),M) = lii^(Lsc(X, Mi), Lsc(X, aij)) . 

Proof. Recall that the category Cu has limits of inductive sequences (see e.g. [9]), and that 
given a directed set {Si,%j), a semigroup S with maps % : Si ^ S is the directed limit 
lii^(5'j, 7jj) if and only if the following two conditions are satisfied: 

(a) For all s G 5, s = sup^ 7j(sj) for some Si e S^. 

(b) If Si G Si and sj G Sj are such that 7i(sj) < 7j(sj), then, for all x <^ Si there exists k eN 

such that 7i,fe(x) < lj,ki^j)- 

(i). Let X = ^(Xj, with /i,: X — )■ Xj the canonical maps. Note that X is 
also a one-dimensional compact Hausdorff space and that the canonical maps /ij are all 
surjective. The open sets in X can be described as UieN where each Ui is an open 

set in Xj. Furthermore, the fZ/s can be chosen in such a way that ^~^{Ui) C /ij^ {Jjj) Hi < j 
(see, e.g. |T9i Propositions 1-7.1 and 1-7.5]). 

By Theorem 15.151 both Lsc(Xi, M) and Lsc(X, M) are objects in Cu. Therefore, us- 
ing Theorem 15.171 we obtain a directed system (Lsc(Xj, M), pjj)jjgN in Cu, with maps 
Pi-. Lsc(Xi,M) Lsc(X,M) given by pi(/) = fpi, and j : Lsc(Xi,M) Lsc{Xj,M) 
given by pij{g) 

— 9f^i,j whenever i < j. 

To prove condition (a) above, since / G Lsc(X, M) can be described as the supremum 
of a sequence in x(/)/ we may assume that / itself is a piecewise characteristic function. 
Hence suppose / = x(^;0) where U = {UjYj^^ is a family of open sets such that U = 
{UjYj^i has multiplicity at most one, and : Au — )• M is an ordered map. Let us write 
each Uj as UjGN/^i~"^(^i,«) some open sets Uj^i in Xj and such that p^^{Uj^iJ C p'^iUj^i^) 
if H < ^2- Now, for each k > 1 we consider the family of open sets Uk = {/^fc ^(^j,fc)}j=i- We 
observe that both Uk and Uk have multiplicity at most one. 

For each k > 1 we consider the map 

{Fua \ teX} -> M 

p ^ r 0(F) if FG^« 

otherwise. 

and fk- X ^ M defined by fk{t) = 4>k{Fuk,t)- Following the proof of Lemma 15.101 if (j)k is 
an ordered map then fk is lower semiconttnuous. But since is already an ordered map 
we only need to check the case Fi c F2 with F2 ^ Au and Fi G Au- In this case, since 
F2 = Fu^^t for some t, there exists some F3 G such that F2 C F3. But U has multiplicity 
at most one and therefore subsets in Au have at most two elements. Therefore F3 = {i, j}, 
F2 = [i] and Fi = 0. Thus we obtain 0fe(Fi) = 0^(0) = < 0fc(F2). 

For all t G X, there exists A; G N such that Fu^^t = Fu^t- Hence, for all t G X there 
exists k such that f{t) = (l){Fu,t) = 4>k{Fuk,t) = fk{t), and since supremum in Lsc(X, M) 
is the pointwise supremum, we obtain / = sup^gj^ fk- Now we consider Vk = {Uj^kYj^i- 
Then t G Pl^iUj^k) if and only if pk{t) e Uj^k- It follows that Fv^,^j^(t) = Fu^^t, and hence, 
taking gk{s) = (pki^Fv^^s), we have gk G Lsc(Xfc, M) and fk = pkigk) since /^(t) = (pkiFu^^t) = 
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We now prove condition (b). Suppose that for some i < j, gi G Lsc(Xj,M) and gj e 
Lsc{Xj, M) are such that Pi{gi) < Pjigj)- Let h <^ gi and hence Pi{h) <ti Pi{gi) < Pjigj) 
which implies Pi{h) <^ Pjidj)- Using Proposition 15.51 there is for each t G X an open 
neighbourhood Vt of t and q G M such that 

pi{h){s) <^ct<^ Pj{9j){s) for all s G Vt. 

We may assume Vt = pl^^{Ut) for some open set Ut C Xi^, where it > Then, for all 

seVt, 

Piih){s) <t:ct<^ Pj{9j){s) ^ hpi{s) <^ct<^ 9jPj{s) ^ hpi.^iPiXs) <^ Ct <^ gjPi^jPi^{s) , 
and hence, for all s' G Ut, 

(24) hpi^^i{s') <^ct<^ gjPi^j{s') ^ Ph,Ms') <^ Ct <^ pi^jgj{s') . 

Using compactness of X, we obtain a finite number of open sets Vt- such that X = 
Ui=i ^^'i moreover choose it^ = ■ ■ ■ = it^ = k for some A; G N. Since pk is 

surjective then = f/^^ U • • ■ U Ut,. which, together with (|24l) and Proposition 15.51 proves 

PkA^) < Pk,j{9j)- 

(ii). Let M = lim(Mj, aij) with : Mj — )■ M the canonical maps. Let f,gE Lsc(X, Mj) 
be such that Lsc(X, ai){f) < Lsc(X, ai){g), and let h <ti f.By Proposition 15.51 for all x G X 
there exist c^. G M and a neighbourhood U oi x such that h{y) < Cx ^ f{y), for all y eU. 
We have 

ai{f{x)) = Lsc(X, < Lsc{X, ai){g){x) = ai{g{x)). 

Hence, since <^ f{x) by the characterization of inductive limits in the category Cu that 
there exists j >i such that 

ai,j{cx) < ai^j{g{x)) = Lsc{X, aij){g){x). 

By the lower semicontinuity of the function Lsc(X, aij){g) there exists a neighbourhood V 
of X such that aij{cx) <^ Lsc(X, aij){g){y), for all y e V. Since h{y) < for all y G f/ it 
follows that 

Lsc(X,aij)(/i)(?/) = aij{h{y)) < aij{cx) < Lsc{X, aij){g){y), 
for ally eUnV. 

We have shown that for each x G X there exist j > i and a neighbourhood IV of X such 
that Lsc(X, aij){h){y) < Lsc(X, aij){g){y), for all y eW. Therefore, by the compactness of 
X we may choose j > i such that Lsc(X, aij){h){y) < Lsc(X, aij){g){y), for all y G X. It 
follows now that Lsc(X, aij){h) < Lsc(X, aij){g). This proves condition (b). 

Observe that condition (a) above is equivalent to saying that |J- Lsc(X, Q;i)(Lsc(X, Mi)) 
forms a dense subset in Lsc(X, M). Let gi,g2 G Lsc(X, M) be such that gi <^ g2. By 
Proposition |533] (and its proof), there exists a piecewise characteristic function h = (p) 
such that gi <^ h <^ g2 whose range can be chosen in a dense subset of M. 

Since |J->^aj(Mj) forms a dense subset of M, and a piecewise characteristic function 
takes a finite number of values in M, we can find k > 1 such that furthermore (p{Au) ^ 
ak{Mk). For each F G Au let us write (p{F) = akicp) for some cp G M^. Recall that 
ip is an ordered map and, in fact, by the proof of Proposition |5.13[ we actually have 
«a:(cf) ^ «a:(cf') whenever F C F'. Let us write each as the supremum of a rapidly 
increasing sequence in Mk, cp = sup^ dp. Hence, for each X > there exists in such that 
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ijv > iV and aki^cp) ^ Oik{cpi) whenever F C F' . Now, using that M = lii^ . Mj and 
since Au has a finite number of inequalities, we can choose In > k such that ctk^if^ic'p) < 
«fe,;Ar(c^) for all F C F'. Therefore (fNiF) :— otk,iN{^^F) defines an ordered map ^p^ '■ Au 
Mi^, and '■— x(W,v?Ar) is a piecewise characteristic function in Lsc{X, Mi^). It fol- 
lows that h = sup^v Lsc(X, a/jy)(/?.jv). Since gi <^ h <^ g2 there exists Nq such that gi <C 
Lsc{X, aij^^^){hNo) -C g2, proving that the images Lsc{X, ai)(Lsc{X, Mi)) form a dense sub- 
set in Lscfx, M). □ 
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